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A novel time-domain approach using the momentum operator is used to model spontaneous four-
wave mixing in a lossless nonlinear waveguide. The effects of self- and cross-phase modulation on
the photon-pair production rate and heralded photon purity are investigated. We show that in the
special case where only one half of the photon-pair state is filtered that the generation rate and
purity of the heralded photons are unmodified by the presence of self- and cross-phase modulation.
The significance of this special case arises when we consider heralded single-photon sources, where
future schemes are likely to only filter the herald photon to ensure a high heralding efficiency is
maintained.
I. INTRODUCTION
A high brightness source of pure and indistinguish-
able single photons is a crucial building block for several
quantum technologies, including quantum networks [1],
quantum computing and simulation [2, 3] and quantum-
enhanced sensing [4]. Indeed, if quantum computing is to
exceed classical capabilities, a source of on-demand pure
single photons is one of the key requirements [5, 6]. Re-
cently, significant progress on single-photon sources has
been made across several platforms including quantum
dots [7], nitrogen-vacancy colour centers [8] and param-
eteric sources such as microstructured optical fibers [9],
silica [10] and silicon waveguides [11, 12].
Here, we examine the production of photon pairs by
spontaneous four-wave mixing (SFWM) in a nonlinear
waveguide [13, 14]. In the simplest case, a single photon-
pair state can be used to exhibit nonclassical interference
between two identical sources [11, 15]. Alternatively, one
half of the pair can be used as a herald for the pho-
ton in the counterpart mode. In this way, nonclassical
interference can be demonstrated between photons gen-
erated in multiple different sources [16–20], which offers
a route towards scaling-up to higher photon-number ex-
periments. This passively heralded approach on its own
does not scale well however, since the probability of mul-
tiple photons being generated simultaneously from inde-
pendent sources drops off rapidly as the desired num-
ber of photons increases. Although the photon pairs are
generated non-derministically, proposals exist that allow
many sources to be multiplexed together into a near-
deterministic single photon source [5, 21]. In addition
to the technical challenges that high-speed, low-loss mul-
tiplexing will entail, it is also necessary to ensure that
the process of detecting the herald photon will not de-
grade the purity of the heralded counterpart. We expect
that this could be the case, since photon pairs generated
∗ gary.f.sinclair@bristol.ac.uk
by a parametric processes will exhibit correlations due
to the requirement for energy and momentum conserva-
tion [22, 23]. It is the detection of the herald photon,
which will cause the remaining photon to be projected
into a mixed state, depending on the degree of correla-
tion between both halves of the generated photon pair.
However, the purity of the heralded photon is essential
since it determines the visibility of nonclassical interfer-
ence between identical sources [16].
Several techniques to reduce spectral correlations of
the photon pair have been investigated. Typically, corre-
lations are reduced by careful consideration of the pump
bandwidth and dispersion properties of the nonlinear ma-
terial. That is, by carefully balancing the requirements
for energy and momentum conservation, which both im-
pose spectral correlations, the combination of these con-
straints can produce weakly correlated photon pairs, suit-
able for high-purity heralding [19, 23–25]. One significant
advantage of this technique, is that the absense of filter-
ing allows every photon pair generated to be used, thus
allowing a higher production rate. However, in integrated
optical devices we typically do not have the same free-
dom to chose materials, wavelengths and polarisations
that are characteristic of bulk experiments. Therefore, an
alternative approach is required. The most common ap-
proach is to apply tight spectral filtering to the generated
photon pairs along with a spectrally broad pump pulse.
Although this allows the production of high-purity her-
alded photons, it will come at the expense of the herald-
ing rate, since many of the generated photon pairs will
now be rejected by the tight filtering. To compensate for
this and maintain a reasonable heralding rate, the use
of intense pump pulses is required. However, such short
and intense pulses are necessarily going to be accompa-
nied by other nonlinear effects, such as self- and cross-
phase modulation, which will result in spectral changes
to the propagating pump pulse and co-propagating pho-
ton pairs. Previous work has suggested that such effects
should be small, so long as we remain in the regime where
multiple pair generation is negligable [26], although a
complete model has not yet been developed. It is the
ar
X
iv
:1
70
7.
03
36
3v
1 
 [q
ua
nt-
ph
]  
11
 Ju
l 2
01
7
2aim of this work to develop a complete model including
self- and cross-phase modulation, developing on previous
work done on photon pair production in fiber [27], and
to determine their impact on the photon pair production
rate and purity of the heralded photons.
II. MODELLING PHOTON-PAIR
PRODUCTION IN THE TIME-DOMAIN
A. Derivation of the joint temporal amplitude
The most natural framework to describe spatial prop-
agation of an electromagnetic field is presented by the
momentum operator [28, 29]. From the definition Mˆ =
−ih¯ ∂∂z we can write down the spatial evolution equation,
−ih¯∂|ψ〉
∂z
= Mˆ(z)|ψ〉. (1)
This is the spatial analog of the more usual temporal
evolution described by the Hamiltonian. In our work, we
consider a nonlinear material, in which a strong classical
pulse propagates along with two quantum fields, named
the signal and idler modes. The full momentum opera-
tor for this is derived in the Appendix. However, in the
interaction picture the part responsible for spontaneous
four-wave mixing is simply given by:
Mˆ(z) = h¯γei∆β0z
∫
Ap(z, t)
2Aˆ†i (z, t)Aˆ
†
s(z, t)dt. (2)
Here, Ap is the classical pump field and Aˆs and Aˆi are the
position- and time-dependent operators describing the
evolution of the signal and idler modes under the influ-
ence of self- and cross-phase modulation and γ = ω0n2cAeff
is the nonlinear parameter [22, 30]. The phase match-
ing of the SFWM process is described by ∆β0 = 2βp,0 −
βi,0 − βs,0 [22], where the wavevector is series expanded
around the carrier frequency for each of the three modes:
βa(ω) = βa,0 + βa,1(ω − ωa,0) + 12βa,2(ω − ωa,0)2 + · · ·,
where a ∈ {p, s, i}. As an example of typical material
parameters, for a silicon wire waveguide with a pump
wavelength around 1550 nm we have n2 ≈ 6 × 10−18
m2/W [31, 32] and Aeff ≈ 0.2 µm2. The time integral
is taken over the entire domain t ∈ (−∞,∞), as it is in
subsequent intergrals, unless stated otherwise.
By expanding the solution of (1) to first-order, that
is, considering only a single pair of generated photons
|ψ(L)〉 ≈ |0〉+ |ψ1,1〉+ · · · , we can see that the photon-
pair state at the output of the waveguide is [27],
|ψ1,1〉 = iγ
∫
dz
∫
dtei∆β0zA2p(z, t)Aˆ
†
i (z, t)Aˆ
†
s(z, t)|0〉,
(3)
where the spatial integral is taken over z ∈ [0, L], where L
is the length of the waveguide. In the interaction picture,
we know that the signal and idler modes will evolve under
the action of a lossless cross-phase modulation according
to,
Aˆa(z, t) = exp [iθa(z, t)] Aˆa(0, t−βa,1z), a = {s, i} (4)
where θa(z, t) is the phase shift of the signal or idler mode
as a function of the position and time, and βa,1 = 1/vg,a
is the first-order dispersion parameter, which is simply
the reciprocal of the group velocity for that mode. Sim-
ilarly, the pump evolves under the action of self-phase
modulation (and possibly some nonlinear absorption):
Ap(z, t) = exp [iθp(z, t)] |Ap(z, t)|. (5)
In contrast to [27] where a non-negligable group velocity
dispersion (GVD) in optical fiber is assumed to result in
walk-off between the generated signal and idler photons,
we assume that all three optical modes share a common
group velocity (βp,1, βs,1, βi,1 → β1 = 1/vg). This is be-
cause in our work we consider near-degenerate four-wave
mixing in integrated optical waveguides [14], where the
detuning between signal, idler and pump photons is much
smaller and the propagation length significantly shorter
than the walk-off length between the pulses [22]. In
this situation, it is much more realistic to neglect group-
velocity dispersion and suppose all three fields propagate
at the same group velocity.
Given the state generated at the end of the waveguide
(3), we can define a joint probability distribution, the
joint temporal amplitude (JTA), that describes the joint
probability of detecting signal and ilder photons at time
ts and ti,
JTA(ts, ti) = 〈0|Aˆi(L, ts)Aˆs(L, ti)|ψ(L)〉. (6)
The form of the momentum operator (2) ensures that
photons are always generated simultaneously. This,
along with the absence of GVD, results in the JTA tak-
ing on a diagonal form where tp = ts = ti, is the time at
which the pair of signal and idler photons simultaneously
arrive at the end of the waveguide. Then we can write
the JTA in terms of a single time parameter such that,
JTA(ts, ti) = JTA(ts)δ(ts − ti). Using the relationships
for the evolution of the pump, signal and idler modes we
find that,
JTA(tp) = iγ
∫
dzP [z, tc(z, tp)] exp [iΘ(z, tp)] . (7)
Here, tc = tp−β1(L−z) is the time that the photon pair
must have been generated, given that it arrived at the
end of the waveguide at time tp and P (z, t) = |Ap(z, t)|2
is the pump power in Watts. Clearly the photon pairs
are generated in a superposition of positions over the
length of the waveguide, proportional to the power of
the pump at that point in time and space. The phase
term Θ(z, tp) includes the effects of SPM on the pump
up until the moment the photon pair is generated, and
subsequent XPM from the generation point to the end of
3the waveguide, in addition to the usual phase matching
term:
Θ(z, tp) = ∆β0z + 2θp (z, tc)
+θi(L, tp)− θi (z, tc))
+θs(L, tp)− θs (z, tc) .
(8)
Typically, the evolution of the pump will be described
by the nonlinear Schro¨dinger equation [22], which can be
used to model all of the non-linear effects that the strong
classical pump pulse will experience. A common material
platform employed for integrated photon-pair production
is silicon [11, 16], which exhibits a refractive and absorp-
tive Kerr nonlinearitiy, along with associated free carrier
effects [33]. When the pump pulse is of sufficiently short
duration and low intensity, then free-carrier effects can
be neglected. Following [33] we can ensure that we are
working in this regime if hνσFCAT0  I0, where hν is the
energy of a pump photon, σFCA is the free-carrier ab-
sorption coefficient, T0 is the pulse duration and I0 is the
peak pulse intensity in units of W/m2. If we continue to
neglect group-velcocity dispersion and free-carrier effects
then we can transform into a retarded reference frame
(τ = t − β1z), where the evolution of the pump can be
solved analytically [33]. To express the pump envelope
in the retarded frame we say Pret(z, τ) = P (z, τ + β1z).
However, for convenience we will simply drop the sub-
script and the presence of the retarded time variable τ
will be taken to imply that whatever function we are
working with is expressed with respect to a retarded
frame. Then, the pump pulse dynamics are given by,
P (z, τ) =
P (0, τ) exp (−αz)
1 + α2P (0, τ)z
, (9)
θp(z, τ) =
γ
α2
ln [1 + α2P (0, τ)Zeff (z)] , (10)
where α2 is the two-photon absorption coefficient [31, 32],
Zeff (z) = (1− exp[−αz]) /α is the effective length and
α is the linear propagation loss. Noting that cross-phase
modulation is always twice as strong as the self-phase
modulation (θp(z, τ) = θ(z, τ), θs|i(z, τ) = 2θ(z, τ) we
find that the JTA can be expressed as:
JTA(τ) = iγ exp [4iθ(L, τ)] (11)
×
∫
P (z, τ) exp [i∆β0z − 2iθ(z, τ)] dz.
Again, we have made use of the diagonal form of the JTA
in the retarded frame (JTA(τs, τi) = JTA(τs)δ(τs − τi))
to express the JTA in a more compact form. Using the
solutions presented above for the pump evolution, (9) and
(10), we can evaluate the integral for the JTA numerically
if desired. However, for our further work in this paper, we
will proceed with the assumption that linear and nonlin-
ear losses can also be neglected as this will expedite the
devepment of simple analytical models and best convey
the underlying physics of the SFWM process. In any real
experiment losses will primarily reduce the pair produc-
tion rate and heralding efficiency, but will also complicate
the form of the JTA to some extent. However, unlike
SPM and XPM, loss does not constitute a fundamen-
tal constraint on pair production and could be reduced
to a negligable level by improvements in fabrication and
materials. Neglecting losses, the nonlinear phase shift is
consequently given by θ(z, t) = γP (0, τ)z, allowing us to
evaluate the integral in (11) to find an explicit form for
the JTA:
JTA(τ) = iγP (0, τ)L exp
[
3iγP (0, τ) +
i∆βoL
2
]
×sinc
[
[∆β0 − 2γP (0, τ)]L
2
]
. (12)
Before we proceed, we make one final simplification to
our model. Firstly, we assume that given a short waveg-
uide, the signal and idler modes which we are exam-
ining are always well within the phase-matching band-
width (∆β0L ≈ 0). This is a reasonable assumption,
as bandwidths are typically several THz (e.g. for the 3
mm silicon waveguide used in [17] with dimensions 220
× 460 nm the bandwidth was 6 THz). Secondly, the
peak pulse power will cause small shifts in position of
the phase-matching band, which are assumed to be neg-
ligable compared to the bandwidth itself. These approxi-
mations are quite reasonable in the quite short integrated
optical waveguides that are typically used. With these
two assumptions, the JTA takes on a particularly simple
and intuitive form,
JTA(τ) = iγP (0, τ)L exp [3iγP (0, τ)L] . (13)
In words, the probability of generating a photon pair at
time τ is simply proportional to the pump power at that
time, and the phase-shift experienced by the photon pair
is given by the average of the effects of self- and cross-
phase modulation over the length of the waveguide. We
note, that the JTA given above describes the simultane-
ous arrival of photons at the waveguide exit, but should
more fully be written as:
JTA(τs, τi) = JTA(τs)δ(τs − τi) (14)
To reiterate, the simultaneous arrival of photons at the
waveguide exit is due to the simultaneous generation of
the photons described by (2) and the absense of walk-
off between the signal and idler photons, since we have
neglected group velocity dispersion.
B. Include filtering of the signal and idler photons
In our analysis we have used a spatio-temporal model
of SFWM to include the effects of self- and cross-phase
modulation, since these lend themselves more readily to
a description in this domain. However, in the second part
of our analysis we wish to include filtering of the signal
and idler modes, which is commonly employed to improve
the separability of the two-photon state. Naturally, this
4is more readily described in the frequency domain. Thus,
given the JTA, we have two options with how we can pro-
ceed: either we remain in the time-domain or we use a
Fourier transform to convert the joint-temporal ampli-
tude into the more usual joint-spectral amplitude (JSA).
The convenience of either approach will depend on the
particular problem to be solved, although both must nec-
essarily furnish the same results. Below, we choose the
former option and remain in the time-domain, since this
will prove the more insightful approach later, when we
consider filtering of one mode only.
In the section above, it was assumed that photon pairs
generated simultaneously in the waveguide will also be
detected simultaneously at the output, if we neglect walk-
off. However, in practice the finite bandwidth of the
photon detection process will fundamentally limit the
precision with which we can specify the arrival time
of both photons. Typically, narrow-bandwidth filtering
(≈ 25−200 GHz) is used to ensure high purity of the gen-
erated photons when using a ps-duration pulsed pump
at telecom wavelengths. In this case, the finite detection
bandwidth will lead to a significant broadening of the
otherwise diagonal JTA. In addition, it could be expected
that the temporal resolution of the detector might also
increase the uncertainty of the photon arrival time. The
degree of temporal uncertainty introduced will depend
on the lifetime of the coherent evolution of the detector,
before decoherence results in a classical detection event.
This will likely be much less than the experimentally ob-
served temporal resolution of the detector that will be
dominated by sources of classical noise. For a typical su-
perconducting nanowire single-photon detector we expect
the coherent timescale to be no greater than the lifteime
of the excited electron, estimated to be about 2 ps [34].
Therefore, in most current experiments we expect that
the narrow-bandwidth filtering will dominate the blur-
ring of temporal correlations. Making this assumption,
the filtered JSA is given by,
JSAf (∆s,∆i) = JSA(∆s,∆i)fs(∆s)fi(∆i), (15)
where fa(∆a) is the field amplitude filter function and
∆a = ωa−ωa,0 is the detuning of the field from the carrier
frequency for the signal or idler modes (a ∈ {s, i}). As
filtering in the frequency domain is always simply the
product of the filter function and the input, in the time-
domain this becomes a convolution:
JTAf (τs, τi) =
1
2pi
∫ ∫
JTA(τ ′s, τ
′
i)
×fs(τs − τ ′s)fi(τi − τ ′i)dτ ′sdτ ′i . (16)
Here, the time-domain filter function fa(τa) is the Fourier
transform of the frequency-domain function fa(∆a) on
mode a ∈ {s, i}. We can see that the effect of the
finite filter bandwidth, is to blur the arrival times of
the photons in the signal and idler modes, according
to the point-spread functions fa(τa). In the section
above, we saw that the unfiltered JTA was diagonal,
that is, both photons will arrive simultaneously at the
output of the waveguide. We can use this to simplify
the double-integral in (16) by rotating into a set of axes
τα = (τs + τi)/
√
2 and τβ = (τi − τs)/
√
2. Then by
virtue of the Dirac delta function in (14), we reduce the
expression to:
JTAf (τα, τβ) =
1
2pi
∫
dT√
2
JTA
(
T√
2
)
g(τα − T, τβ),
(17)
where g(x, y) = fs
(
x−y√
2
)
fi
(
x+y√
2
)
is the filter function
rotated into the new co-ordinate basis and JTA(τ) is the
unfiltered diagonal JTA defined by (14). What this de-
composition represents is the broadening of the original
diagonal JTA by the filter functions g(τα, τβ). The origi-
nally precisely defined and simultaneous arrival times of
the signal and idler photons are blurred, due to the finite
filtering bandwidth. The filter functions themselves, can
be viewed as forming an over-complete basis for the JTA.
Since the JTA represents the joint probability of de-
tecting a pair of photons, we can write the output state
of the waveguide, including filtering, in terms of the
JTA. The effect of filtering is to probabilistically re-
move signal and idler photons. This will result in an
output state that is a mixture of photon number states
ρˆ = ρˆ00 + ρˆ10 + ρˆ01 + ρˆ11, where the term ρˆxy repre-
sents a component with x signal and y idler photons.
Considering only the pair-photon term, for which we
can define a joint probability distribution, we can say
ρˆ11 = |ψ1,1〉〈ψ1,1|, where,
|ψ1,1〉 = 1
2
√
2ηpi
∫
JTA
(
T√
2
)
|φ(T )〉dT. (18)
Here, η is a normalisation constant, equal to the proba-
bility of detecting a single photon-pair at the output of
the waveguide, and the |φ(T )〉 is a family of factorisable,
although over-complete, basis states. These basis state
are defined by the filter functions:
|φ(T )〉 =
∫ ∫
fs
(
τs − T√
2
)
fi
(
τi − T√
2
)
×|1τs〉 ⊗ |1τi〉dτsdτi. (19)
Each state |φ(T )〉 represents the most precise statement
we can make about the temporal mode of a photon-
pair given the finite bandwidth of the signal and idler
modes. The overlap between the filter function basis
states are given by the product of the overlaps of the
signal and idler parts independently, 〈φ(T ′)|φ(T )〉 =
Os(T − T ′)Oi(T − T ′), where Oa(T − T ′) =
∫
fa(τa −
T/
√
2)fa(τa − T ′/
√
2)dτa is the overlap of the signal (or
idler) filter funtion at different times.
Using the form of the output state given above in (18)
the probability of generating a photon pair is given by:
η =
1
8pi2
∫ ∫
JTA
(
T ′√
2
)
JTA
(
T√
2
)
×Os(T − T ′)Oi(T − T ′)dT ′dT. (20)
5Typically, photon pair sources based on parametric pro-
cesses such as SFWM are used in the regime where η ≈
0.1 to avoid contamination of the output state by higher-
order photon-pair terms, as this is highly detrimental to
the visibility of non-classical interference [16]. Due to
the truncation of the output state to single photon-pair
generation events, the effects of higher-order terms are
not studied in this work. Therefore it is worth noting
that the range of validity for our work is for values where
the integral in (20) evaluates to a photon-pair produc-
tion probability of η ≤ 0.1. This integral in turn then
determines the limits of the pump power, pulse duration
and filter bandwidths which we can use and nonethe-
less remain in the low-excitation limit that we require to
achieve high-visibility non-classical interference.
Of critical importance to the quality of a heralded sin-
gle photon source, is the purity of the single photons pro-
duced. If we post-select on the detection of a photon-pair,
then we can write the density matrix of the two-photon
state as ρ = |ψ1,1〉〈ψ1,1| and note that the purity of the
heradled single photon is given by P = tri(ρˆ2i ) where
ρˆi = trs(ρˆ) is the state vector after we have traced-out,
or detected, the signal (herald) photon. This gives us the
expression for the purity,
P =
(
1
2
√
2ηpi
)4 ∫
JTA
(
T1√
2
)
JTA∗
(
T2√
2
)
×JTA
(
T3√
2
)
JTA∗
(
T4√
2
)
Os(T1 − T2)
×Os(T3 − T4)Oi(T1 − T4)Oi(T3 − T2)d4T. (21)
III. EXAMPLES
A. No self- or cross-phase modulation with
Gaussian pump and filters
The purpose of developing the spatio-temporal model
above was to a construct a convenient framework to un-
derstand the effects of self- and cross-phase modulation
on photon-pair production. However, in this section we
begin by considering the situation where the nonlinear
phase shift is negligable; an approximation appropriate
at low pump powers. This provides the simplest example
of applying the methods presented, and furnishes use-
ful results for comparison with the full model developed
later. In the situation where the nonlinear phase shift is
small, we can approximate the unfiltered JTA as,
JTA(τs, τi) = iγP (0, τs)Lδ(τs − τi). (22)
For the convenience of performing analytical calculations
we assume that the filter and pulse profiles are both
Gaussian. Although in real experiments this may not
be the closest representation of the real profiles, it pro-
vides a convenient approximation to the trends observed
in real experiments. We take the pump and filter profiles
in the time domain to be:
P (0, τ) = P0 exp
[−τ2
2σ2t
]
, (23)
fa(τa) =
√
2σf,a exp
[−σ2f,aτ2a ] , a ∈ {s, i}. (24)
Here, P (0, τ) is the input temporal profile for a Gaus-
sian pump pulse with width σt = 1/(2σω) and f(τ) is
the Fourier transform of a field filter profile, f(∆a) =
exp(−∆2a/(4σ2f,a)). Substituting these definitions for the
pump and filter profiles into (33) we find the JTA includ-
ing filtering is,
JTAf (τs, τi) =
iγLP0√
pi
σω
1√
2λ2µ2 + λ2 + µ2
(25)
× exp
[
−σ
2
ω
{
2µ2τ2s + 2λ
2τ2i + (τi − τs)2
}
2λ2µ2 + λ2 + µ2
]
,
where λ = σω/σf,s, µ = σω/σf,i are the ratios of the
pump to filter bandwidths for the signal and idler modes.
Using equation (21) we find a particuarly simple expres-
sion for the the purity:
P =
√
1− 1
(1 + 2λ2)(1 + 2µ2)
. (26)
As expected, we find that the purity of the heralded single
photon tends towards unity as we reduce the bandwidth
of either the signal or idler filter (λ → ∞ or µ → ∞).
Also, from equation (20) we can determine the probabil-
ity of generating a photon pair.
η(λ, µ) =
(γLP0)
2
2
√
2
1√
λ2 + µ2 + 2λ2µ2
, (27)
=
(γLP0)
2
2
√
1− P2
P2 . (28)
Again, this exhibits the expected quadratic dependence
on pump power that we expect for a four-wave mix-
ing process. Interestingly, the assumption of Gaussian
pump and filters also leads to a very simple trade-off be-
tween the pair production rate and purity. That is, for
a fixed pump power, an increase in purity (by tighter fil-
tering) will necessarily decrease the pair production rate,
as demonstrated by the remarkably simple relationship
given in (28).
Since we are filtering on both the signal and idler
modes, the heralding efficiency will in general be less than
one. This is due to the fact that, on occassion, a hearld
photon will be detected at the signal wavelength, whose
counterpart (heralded) idler photon has been dropped
by the filter and so is lost. We define the heralding ef-
ficiency as the probability that a heralded photon will
be detected, given that a herald has been registered and
find that this can be calculated as the ratio of the pair-
production rate with filtering at both signal and idler
6FIG. 1. The joint spectral amplitude (JSA) and joint temporal amplitude (JTA) produced by assuming a Gaussian pump
profile and Gaussian filters on the signal and idler modes. The colour of the plots represents the phase imparted to the state
by self- and cross-phase modulation and the brightness represents the detection probability. In this example, the filtering is not
very tight, and the alignment of the joint spectrum (a) along the energy conservation line (top-left to bottom-right) is clear.
Similarly, in (b) the alignment of the JTA along the line of simultaneous photon arrival (bottom-left to top-right) is also easily
distinguishable. Both plots are related to each other by a Fourier transform.
wavelengths to the pair production rate with filtering
only on the signal: ν = η(λ, µ)/η(λ, 0).
ν =
√
2λ
√
1− P2
P2 (29)
For completeness, we note that these calcuations could
have also been performed in the frequency domain. Our
first step, would have been to Fourier transform the JTA
into the frequency domain to yield the JSA:
JSA(∆s,∆i) = iγLP˜ (∆s + ∆i), (30)
where P˜ (∆) = F.T. [P (τ)] is the Fourier transform of the
pulse profile in time, not the power spectrum of the pulse.
Since we earlier neglected the phase mismatch, this rep-
resents a SFWM process of infinite phase matching band-
width. In practice, we always apply some filtering to at
least one of the generated signal and idler photons. As-
suming a filter bandwidth of FWHM = 2
√
2 ln 2σf,a,
where a ∈ {s, i} for the signal and idler modes then we
find the anticipated result:
JSAf (∆s,∆i) =
iγLP0
2
1√
2piσω
exp
[
−
(
∆s+∆i
2
)2
2σ2ω
]
× exp
[
− ∆
2
s
4σ2f,s
]
exp
[
− ∆
2
i
4σ2f,i
]
. (31)
Noting that the representation of the two pho-
ton state in the frequency-domain is |ψ1,1〉 =
1√
η
∫
JSA(∆s,∆i)|1∆s〉 ⊗ |1∆i〉d∆sd∆i, and ρˆ =
|ψ1,1〉〈ψ1,1| we find that the purity is exactly as was given
before:
P =
√
1− 1
(1 + 2λ2)(1 + 2µ2)
. (32)
Naturally, other quantities such as the pair production
rate and heralding efficiency can also be calculated in a
similar manner to that undertaken in the time-domain,
with identical results yielded.
B. Include self- and cross-phase modulation with
Gaussian pump and filters
More generally, we should include the effects of self-
and cross-phase modulation in our model of photon pair
production. Our departure point for this calculation is
now given by (13), the JTA including the nonlinear phase
shift. Again, the JSA and JTA will remain Fourier trans-
forms of each other, and any quantity that can be calcu-
lated in the time-domain can of course be calculated in
the frequency domain. However, given particular exam-
ples, it may sometimes be more convenient to remain in
one domain than the other. Working in the time-domain
and assuming Gaussian filters and pump profile, using
7(33) we find that the JTA including filtering is given by,
JTAf (τα, τβ) =
iφmaxσf,sσf,i√
2pi
∞∑
n=0
(i3φmax)
n
n!
×
∫
dT exp
[
−T
2(n+ 1)
4σ2t
]
× exp
[
−σ
2
f,s
2
(τα − T − τβ)2
]
× exp
[
−σ
2
f,i
2
(τα − T − τβ)2
]
, (33)
where we are again working in the rotated coordinate
system τα = (τs + τi)/
√
2 and τβ = (τi − τs)/
√
2 and
φmax = γLP0 is now identified as the phase-shift of the
peak of the pump pulse after propagating to the end of
the waveguide. It is worth commenting that the sum-
mation in (33) arises due to the series expansion of the
nonlinear phase term in (13). Since each term in this
summation is Gaussian, we can evaluate the integrals to
give,
JTAf (τs, τi) =
iφmax√
pi
σω
∞∑
n=0
(i3φmax)
n
n!
√
2(1 + n)λ2µ2 + λ2 + µ2
exp
[
−
{
2(1 + n)(λ2τ2i + µ
2τ2s ) + (τi − τs)2
}
σ2ω
2(1 + n)λ2µ2 + λ2 + µ2
]
. (34)
Again, λ = σω/σf,s, µ = σω/σf,i are the ratios of the
pump to filter bandwidths for the signal and idler modes.
A plot the JTA given by (34) and its Fourier transform,
the JSA, is shown in Fig. 1. With this solution for the
JTA we can use equation (20) to calculate the photon pair
production rate and (21) to calculate the purity, although
no convenient analytical forms exist for these quantities.
Nonetheless the relevant integrals can be calculated nu-
merically and are plotted for some typical values in Fig.
2 and Fig. 3. These both show notable departures from
the predictions of the linear model. In the case of the
photon-pair production rate, we can see that when the
filtering is quite tight (to achieve high purity) the produc-
tion rate drops below that of the linear model. This can
be understood as due to the spectral broadening of both
the pump and generated photon pairs that arises due to
the additional nonlinear phase term in (13). The effect
of this is to broaden the spectrum of the generated pho-
tons, pushing them outside of the filtering bandwidth,
and hence reducing the detection rate at the end of the
waveguide. Fig. 3 on the other hand, shows an improve-
ment in the purity of the heralded photons. Qualita-
tively, this is due to the flattening of the generated joint-
spectrum, again due to spectral broadening, that in this
particular case makes the state more factorisable. For the
calcuation of purity, rather than using (21) that involves
a four-fold integral, it is frequently easier to perfrom a
numerical Schmidt (or singular-value) decomposition of
the JTA to calculate the purity that way. Although both
approaches will naturally lead to the same values, sev-
eral scientific computation packages offer convenient and
efficient methods for undertaking singular-value decom-
positions. When employing the Schmidt decomposition,
we note that the purity is given by P = ∑ |gk|4, where gk
is the weight of each Schmidt mode present in the decom-
position of the JTA or JSA [25]. It is interesting to note
the similarity between (21), which relates the JTA to
the purity and the well-known Schmidt decomposition,
FIG. 2. The photon pair production rate versus φmax = γLP0
(the nonlinear phase-shift of the pump pulse peak) for λ =
µ = 2. The linear model exhibts the quadratic dependence
on pump power expected. However, when the effects of self-
and cross-phase modulation are included the pair production
probabiliy is significantly modified. The step-wise increase
in generation rate is due to both SPM and XPM spectrally
broadening the generated photons and pushing them outside
of the filtering bandwidth.
mentioned above. The main difference being the non-
trival integral kernel in (21) that arises due to the non-
orthogonality of the filter function basis states defined by
(19), compared to the orthogonal Schmidt modes.
C. Include self- and cross-phase modulation and
filtering of the herald photons only
Ideally we do not wish to filter the heralded photons
as this will reduced the heralding efficiency, which is a
key metric for a heralded single-photon source. Here,
we examine the behaviour of the heralded single-photon
source, when only the signal (herald) photon is filtered.
8FIG. 3. The heralded photon photon purity versus φmax =
γLP0 (the nonlinear phase-shift of the pump pulse peak) for
λ = µ = 2. The linear model predicts a purity that is in-
dependent of the pump power. However, when the self- and
cross-phase modulation are included the purity is shown to be
slightly modified. Spectral broadening of the pump and gen-
erated photon pairs provides a modest improvement to the
purity of the heralded photon over most of the range of pump
powers.
In this way, we can control the purity of the source by
adjusting the signal to pump bandwidth, while maintain-
ing a theoretical heralding efficiency of unity. Taking the
limit where the idler filter bandwidth tends to infinity
(σf,i → ∞), we find that the filter in the time domain
tends towards a Dirac delta function. This implies that
the unfiltered, and diagonal, JTA will not be broadened
along the idler axis when performing (33) to calculate
the filtered JTA. Similarly, we find that the time-domain
filter overlap function becomes,
lim
σf,i→∞
Oi(T − T ′) = 2
√
2piδ(T − T ′). (35)
Substituting this into (21) for the purity we show that:
P = 1
(2
√
2piη)2
∫ ∫ ∣∣∣∣JTA( T√2
)∣∣∣∣2
×
∣∣∣∣JTA( T ′√2
)∣∣∣∣2 |Os(T − T ′)|2. (36)
The presence of the Dirac delta function in the integral
has reduced (21) to a two-fold integral, dependent only
on the magnitude, and not the phase, of the JTA. Since
the only effect of self- and cross-phase modulation in the
time domain is to introduce a nonlinear phase on the
JTA. the purity reduces back to the simple linear model,
as given by (26). This important results is only apparent
in the time-domain, since when viewed in the frequency
domain the accumulated phase results in broadening of
the pump pulse and of the generated photons. Although
these do still occur when filtering is applied to the herald
photon only, resulting in a marked change to the JSA,
they do not change the purity of the heralded photons.
When viewed in the frequency domain, changes in ampli-
tude and phase of the JSA will, remarkably, cancel out
leaving the weights of the Schmidt decomposition, gk,
unchanged.
Similarly, using equation (20) we find that the pair-
production probability becomes:
η =
Os(0)
2
√
2pi
∫ ∣∣∣∣JTA( T√2
)∣∣∣∣2 dT. (37)
Again, when evaluated this reduces back to the same
expression as given by the simple linear model (28), since
the integral depends only on the magnitude, and not the
phase, of the JTA.
IV. CONCLUSION
Spontaneous four-wave mixing in integrated optical
waveguides offers a promising route to realising pure,
indistinguishable and, if several such sources are mul-
tiplexed together, on-demand single photons. A key re-
quirement for parametric sources, is that the heralded
single photon must remain pure when the herald is de-
tected, despite the spectral correlations between signal
and idler photons imposed by energy conservation. The
use of tight spectral filtering of the herald photon allows
the effect of the spectral correlations to be reduced, with-
out impacting upon the the heralding efficiency. How-
ever, to maintain a reasonable source brightness a strong
pulsed pump is therefore required. Naturally, the use
of an intense pump pulse in a nonlinear medium will be
accompanied by self- and cross-phase modulation, which
will necessarily have an impact on the pump spectrum
and joint spectrum of the generated photon pairs. These
are in turn expected, and do, affect the purity and photon
pair production rate of the source.
In this work, we calculate the effects of self- and cross-
phase modulation on the generated photon pairs using
the momentum operator in a novel time-domain ap-
proach. The time domain is shown to be the most nat-
ural framework for exploring the impact of nonlinearity
on the generated photons. Example analytical models
are developed that show how the purity and photon pair
production rate are in general modified by the nonlinear-
ity. However, in the particular case where only one half
of the photon pair is filtered (usually the herald) then
despite spectral changes to the JSA, remarkably, the ef-
fects of self- and cross-phase modulation vanish. This is
shown to be due to the independence of the photon purity
on the phase of the JTA, through which the nonlinear-
ity usually acts. This result is of particular significance,
since we are only likely to filter the herald photon in
a multiplexed single photon source to maintain a high
heralding efficiency.
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Appendix: The momentum operator
Here we give a brief outline of the use and derivation
of the momentum operator. When describing the evo-
lution of a quantum state, we can choose to derive a
time-dependent equation of motion using the Hamilto-
nian Hˆ(t), which is best suited to states confined within
a cavity, or we can derive a spatially dependent equation
of motion using the momentum operator, Mˆ(z), which
is best suited to propagating fields. Typically we might
write the Hamiltonian as an integral over the energy den-
sity. This density can be expressed in terms of wavevector
or position, which are simply related to each other by a
spatial Fourier transform:
Hˆ(t) =
∫
Hˆ(β, t)dβ =
∫
Hˆ(z, t)dz. (A.1)
Similarly, for the momentum we typically write this as
an integral over the momentum density. Again, this can
be expressed as an integral over the angular frequency or
time, both being related by Fourier transforms:
Mˆ(z) =
∫
Mˆ(z, ω)dω =
∫
Mˆ(z, t)dt. (A.2)
Which form is most convenient to start with depends
on the particular problem to be solved, although all are
of course physically equivalent. In our work, we will
consider electromagnetic fields propagating through a
weakly-nonlinear material, so that the momentum can
be described by,
Mˆ(z) = h¯
∫
β(ω)aˆ†(z, ω)aˆ(z, ω)dω, (A.3)
where h¯β(ω) is the momentum of a photon at frequency
ω and aˆ†(z, ω)aˆ(z, ω) is the operator whose expecta-
tion value gives the total number-density of photons of
frequency ω that cross a position z in the time range
t ∈ (−∞,∞) [35]. It is also convenient to introduce a
slowly-varying spatio-temporal envelope operator Aˆ(z, t)
such that aˆ(z, t) = Aˆ(z, t) exp(iβ0z−iω0t). Then, we can
see that,
aˆ(z, ω) =
1√
2pi
eiβ0z
∫
Aˆ(z, t)ei(ω−ω0)tdt. (A.4)
Typically, the waveguides we use are short enough and
bandwidth of the optical pulses sufficiently narrow that
we can expand the dispersion relation up to first-order
in frequency (β(ω) ≈ β0 + 1vg (ω − ω0)). We can then
substitute this into (A.3) to find the momentum operator
for the freely propagating signal and idler fields [36]:
Mˆ0(z) =
∑
a={s,i}
h¯
∫
β0,aAˆ
†
aAˆa +
+
i
2vg,a
(
Aˆ†a
∂Aˆa
∂t
− Aˆ
†
a
∂t
Aˆa
)
dt. (A.5)
The Heisenberg equation of motion for the spatial evolu-
tion of the free field envelope is given by:
dAˆ
dz
=
i
h¯
[
Aˆ, Mˆ0
]
+
∂Aˆ
∂z
, (A.6)
where the partial derivative represents any explicity time-
dependence of the operator given in its definition. Sub-
stituting in the momentum operator above (A.5), we find
the equation of motion for a narrow-bandwidth pulse
propagating at the group velocity, as expected:
∂Aˆ
∂z
+
1
vg
∂Aˆ
∂t
= 0. (A.7)
To include the nonlinearity we add a small nonlinear per-
turbation to the dispersion relation β(ω) ≈ β0 + 1vg (ω −
ω0) + ∆β, [22, 37], where the perturbed wavevector is
given by,
∆β =
ω0
c
∫
F ∗0 (x, y)∆n(x, y)F0(x, y)dxdy∫ |F0(x, y)|2dxdy . (A.8)
Here, we have assumed that the electric field is sepa-
rable into transverse and longitudinal components, such
that E(x, y, z, t) = F (x, y)A(z, t) exp (iβ0z − iω0t) and
∆n(x, y) is the small nonlinear change in refractive in-
dex. When calculating our perturbative results, we as-
sume classical fields, but will ultimately make the iden-
tification A(z, t)→ Aˆ(z, t) for the signal and idler modes
at the end of the derivation. We assume that three sig-
nificant terms will give rise to small changes in refractive
index. For the pump field, only self-phase modulation
will be of significance. Then the nonlinear perturbation
to the refractive index at the pump frequency is given by,
∆np(x, y) = n2|Ep(x, y)|2. (A.9)
The signal and idler modes however, will experience
cross-phase modulation and parametric amplification of
the vacuum fluctations (spontaneous four-wave mixing)
due to the strong pump. The perturbation to the refrac-
tive index at the signal frequency will therefore be,
∆ns(x, y) = 2n2|Ep(x, y)|2 + n2Ep
2E∗i
Es
, (A.10)
with a similar expression for the idler. These perturba-
tions to the refractive index can be substituted into (A.8)
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to find the corresponding perturbations to the wavevec-
tor at each frequency. For the classical pump,we typi-
cally substitute the perturbed wavevector directly into
the Nonlinear Schro¨dinger Equation [22] and find,
∂Ap
∂z
+
1
vg
∂Ap
∂t
= iγ|Ap(z, t)|2Ap(z, t), (A.11)
where the nonlinear parameter is given by γ = ωon2cAeff and
it was assumed that the units of |A(z, t)|2 are Watts.
Assuming that only the core of the waveguide is appre-
ciably nonlinear, the effective area of the waveguide for
this nonlinear interaction is found to be [30],
Aeff =
| ∫ |F0(x, y)|2dxdy|2∫
core
|F0(x, y)|4dxdy . (A.12)
For the signal and idler fields, we wish to calculate the
corresponding momentum operators. To this end, we
substitute the perturbed dispersion relations into (A.3)
and express the result in the time-domain using (A.4).
Doing so, we find that the momentum operator that gen-
erates a cross-phase modulation on the signal and idler
modes is expressed by,
MˆXPM (z) = 2h¯γ
∫
|Ap(z, t)|2Aˆ†a(z, t)Aˆa(z, t)dt,
(A.13)
where a ∈ {s, i}. Finally, the momentum operator for
spontaneous four-wave mixing on the signal and idler
modes is found to be,
MˆSFWM (z) = h¯γ exp [i∆β0z]
×
∫
A2p(z, t)Aˆ
†
i (z, t)Aˆ
†
s(z, t). (A.14)
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